Abstract. We study thermodynamic formalism for the family of robustly transitive diffeomorphisms introduced by Mañé, establishing existence and uniqueness of equilibrium states for natural classes of potential functions. In particular, we characterize the SRB measures for these diffeomorphisms as unique equilibrium states for a suitable geometric potential. We also obtain large deviations and multifractal results for the unique equilibrium states produced by the main theorem.
Introduction
Let f : M → M be a diffeomorphism of a compact smooth manifold. Among the invariant probability measures for the system, thermodynamic formalism identifies distinguished measures called equilibrium states; these are measures that maximize the quantity h µ (f ) + ϕ dµ, where ϕ : M → R is a potential function.
Sinai, Ruelle, and Bowen [36, 8, 33] showed that a mixing Anosov diffeomorphism has a unique equilibrium state µ ϕ for every Hölder continuous potential ϕ, and that for the geometric potential ϕ u (x) = − log | det Df | E u (x) |, this unique equilibrium state is the SRB measure, which is the physically relevant invariant measure. The extension of this theory to systems beyond uniform hyperbolicity has generated a great deal of activity [20, 40, 34, 10, 35, 41] . In this paper, we study a class of derived from Anosov (DA) partially hyperbolic diffeomorphisms using theory developed by the first and third authors in [17] . The results from [17] show that equilibrium states exist and are unique under the hypotheses that 'obstructions to the specification property and regularity' and 'obstructions to expansivity' carry less topological pressure than the whole space. We consider the class of diffeomorphisms introduced by Mañé [25] , which are partially hyperbolic maps f M :
constructed as a C 0 -perturbations of a hyperbolic toral automorphism f A with 1-dimensional unstable bundle. These maps are robustly transitive but not Anosov; they admit an invariant splitting
where vectors in E c are sometimes expanded and sometimes contracted. We give explicit criteria under which f M , or a C 1 -perturbation, has a unique equilibrium state for a Hölder continuous potential ϕ : T d → R. In [16] , we gave analogous results for the Bonatti-Viana family of diffeomorphisms, which admit a dominated splitting but are not partially hyperbolic. Our results here for the Mañé family are stronger; in particular, the fact that the unstable bundle is 1-dimensional and uniformly expanding allows us to work at arbitrarily small scales and obtain large deviations and multifractal results not present in [16] . Our proofs, which rely on general pressure estimates for DA diffeomorphisms from [16] , are correspondingly simpler. An additional novelty in this paper is that we apply our results to a larger class of Hölder potential functions by giving a criteria for uniqueness involving the Hölder semi-norm.
We need to control two parameters ρ, r > 0 in Mañé's construction. We write F ρ,r for the set of Mañé diffeomorphisms f M such that (i) f A has a fixed point q such that f M = f A on T d \ B(q, ρ), and (ii) if an orbit spends a proportion at least r of its time outside B(q, ρ), then it contracts vectors in E c .
The parameter r has a more intrinsic definition as an upper bound on a quantity involving the maximum derivative of f M on E c , and the construction can be carried out so r is arbitrarily small. Our results apply to C 1 perturbations of f M that are partially hyperbolic, dynamically coherent, and satisfy (ii). We denote this C 1 -open set by U ρ,r . We describe the Mañé construction and U ρ,r more precisely in §4.
We now state our main theorem. Here h is the topological entropy of f A , L is a constant defined in §3.3 depending on f A and the maximum of d C 0 (g, f A ) for g ∈ U ρ,r , and H(r) = −r log r − (1 − r) log(1 − r). ϕ + r(sup
If Ψ(ρ, r, ϕ) < P (ϕ; g), then (T d , g, ϕ) has a unique equilibrium state.
We then apply Theorem A by finding sufficient conditions to verify the inequality Ψ(ρ, r, ϕ) < P (ϕ; g). In §5.6, we show that for a fixed diffeomorphism in U ρ,r , every Hölder potential satisfying a bounded range condition has a unique equilibrium state.
In §6, we obtain estimates on Ψ(ρ, r, ϕ) and P (ϕ; g) in terms of the Hölder semi-norm |ϕ| α of the potential. We apply these estimates to obtain the following theorem, which says that the set of potentials for which Theorem A applies for g ∈ U ρ,r contains a ball around the origin in C α (T d ) whose radius goes to ∞ as ρ, r → 0.
Theorem B.
There is a function T (ρ, r; α) with the property that (1) if g ∈ U ρ,r and |ϕ| α < T (ρ, r; α), then (T d , g, ϕ) has a unique equilibrium state; and (2) T (ρ, r; α) → ∞ as ρ, r → 0.
As an immediate consequence, we see that for a fixed Hölder potential ϕ, there exist ρ, r so that there is a unique equilibrium state with respect to any g ∈ U ρ,r .
Theorem B is proved via a lower bound on the entropy of an equilibrium state with respect to f A in terms of the Hölder norm of the potential that allows us to estimate P (ϕ; g) from below. This result, stated as Theorem 6.1 applies to more general settings.
We apply Theorem A to scalar multiples of the geometric potential
. We obtain the following results. Theorem C. Let g ∈ U ρ,r be a C 2 diffeomorphism. Suppose that
Then the following properties hold.
(1) t = 1 is the unique root of the function t → P (tϕ u g ); (2) There exists a = a(g) > 0 such that tϕ u has a unique equilibrium state µ t for each t ∈ (−a, 1 + a); (3) µ 1 is the unique SRB measure for g.
The quantity sup ϕ u / inf ϕ u is uniformly positive for all Mañé diffeomorphisms, and the construction can be carried out so sup ϕ = − log λ d = h, so the right hand side of (1.1) is close to log λ d . Thus, the inequality (1.1) holds when ρ, r are small. For a sequence of Mañé diffeomorphisms f k ∈ F ρ k ,r k with ρ k , r k → 0, it is easy to ensure that the Hölder semi-norm of ϕ u f k is uniformly bounded (for example by ensuring that the restrictions of each f k to B(q, ρ k ) are rescalings of each other). In this case, applying Theorem B, we see that a(f k ) → ∞ as k → ∞ in (2) above.
In §8, we derive consequences of Theorem C for the multifractal analysis of the largest Lyapunov exponent, and give an upper large deviations principle for the equilibrium states in our main theorems.
We now discuss related results in the literature. In the partially hyperbolic setting, there are some results on uniqueness of the measure of maximal entropy (MME). For ergodic toral automorphisms, the Haar measure was shown to be the unique MME by Berg [3] using convolutions. Existence of a unique MME for the Mañé examples was obtained in [11] . For arbitrary partially hyperbolic diffeomorphisms of the 3-torus homotopic to a hyperbolic automorphism, uniqueness of the MME was proved by Ures [38] .
The techniques of the results in the previous paragraph are not well suited to the study of equilibrium states for ϕ = 0, which remains largely unexplored. For partially hyperbolic horseshoes, some existence results were obtained by Leplaideur, Oliveira, and Rios [24] , but they do not deal with uniqueness. Spatzier and Visscher have recently studied uniqueness of equilibrium states for frame flows [37] . Since the first version of this work appeared on arXiv 1 , Crisostomo and Tahzibi [19] studied uniqueness of equilibrium measures for partially hyperbolic DA systems on T 3 , including the Mañé family, using very different techniques under the extra assumption that the potential is constant on 'collapse intervals' of the semi-conjugacy.
The theory of SRB measures is much more developed. The fact that there is a unique SRB measure for the Mañé diffeomorphisms follows from [4] . The statistical properties of SRB measures is an active area of research [1, 14, 41] . In [13] , interesting results are obtained on the continuity of the entropy of the SRB measure.
The characterization of the SRB measure as an equilibrium state for DA systems obtained along an arc of C ∞ diffeomorphisms was established by Carvalho [12] , with partial results in the C r case. However, the characterization of the SRB measure as a unique equilibrium state is to the best of our knowledge novel for the Mañé class. Immediate consequences of this characterization include the upper large deviations principle and multifractal analysis results of §8.
We now outline the paper. In §2, we give background material from [17] on thermodynamic formalism. In §3, we recall pressure estimates on C 0 -perturbations of Anosov systems. In §4, we give details of the Mañé construction. In §5, we prove Theorem A. In §6, we prove Theorem B. In §7, we prove Theorem C. In §8, we give results on large deviations and multifractal analysis. In places, particularly in the preliminary sections § § 2-3, we follow the presentation of [16] and refer to [16] for many of the proofs. In these sections, we also explain the many differences between the proofs needed in that paper and here.
Background and preliminary results
2.1. Pressure. Let f : X → X be a continuous map on a compact metric space. We identify X ×N with the space of finite orbit segments by identifying (x, n) with (x, f (x), . . . , f n−1 (x)). Given a continuous potential function ϕ :
Since we consider Hölder potentials, we will often use the bound
The nth Bowen metric associated to f is defined by
Given x ∈ X, ε > 0, and n ∈ N, the Bowen ball of order n with center x and radius ε is B n (x, ε) = {y ∈ X :
Given D ⊂ X × N, we interpret D as a collection of orbit segments. Write D n = {x ∈ X : (x, n) ∈ D} for the set of initial points of orbits of length n in D. Then we consider the partition sum
The pressure of ϕ on D at scale ε is
, and the pressure of ϕ on D is
Given Z ⊂ X, let P (Z, ϕ, ε; f ) := P (Z × N, ϕ, ε; f ); observe that P (Z, ϕ; f ) denotes the usual upper capacity pressure [27] . We often write P (ϕ; f ) in place of P (X, ϕ; f ) for the pressure of the whole space.
When ϕ = 0, our definition gives the entropy of D:
Write M(f ) for the set of f -invariant Borel probability measures and M e (f ) for the set of ergodic measures in M(f ). The variational principle for pressure [39, Theorem 9.10] states that
A measure achieving the supremum is an equilibrium state.
2.2.
Obstructions to expansivity, specification, and regularity. Bowen showed in [7] that (X, f ) has expansivity and specification, and ϕ has a certain regularity property, then there is a unique equilibrium state. We recall definitions and results from [17] , which show that nonuniform versions of Bowen's hypotheses suffice to prove uniqueness.
Given a homeomorphism f : X → X, the bi-infinite Bowen ball around x ∈ X of size ε > 0 is the set
If there exists ε > 0 for which Γ ε (x) = {x} for all x ∈ X, we say (X, f ) is expansive. When f is not expansive, it is useful to consider the tail entropy of f at scale ε > 0 [5, 26] :
where for a set
Definition 2.1. For f : X → X the set of non-expansive points at scale ε is NE(ε) := {x ∈ X : Γ ε (x) = {x}}. An f -invariant measure µ is almost expansive at scale ε if µ(NE(ε)) = 0. Given a potential ϕ, the pressure of obstructions to expansivity at scale ε is
This is monotonic in ε, so we can define a scale-free quantity by
Definition 2.2. A collection of orbit segments G ⊂ X × N has specification at scale ε if there exists τ ∈ N such that for every {(x j , n j ) :
,
The above definition says that there is some point x whose trajectory shadows each of the (x i , n i ) in turn, taking a transition time of exactly τ iterates between each one. The numbers m j for j ≥ 1 are the time taken for x to shadow (x 1 , n 1 ) up to (x j , n j ).
We say ϕ has the Bowen property on G if there exists ε > 0 so that ϕ has the Bowen property on G at scale ε.
We refer to an upper bound for V (G, ϕ, ε) as a distortion constant. Note that if G has the Bowen property at scale ε, then it has it for all smaller scales.
2.3.
General results on uniqueness of equilibrium states. Our main tool for existence and uniqueness of equilibrium states is [17, Theorem 5.5].
Definition 2.4.
A decomposition for (X, f ) consists of three collections P, G, S ⊂ X × N 0 and three functions p, g, s : X × N → N ∪ {0} such that for every (x, n) ∈ X × N, the values p = p(x, n), g = g(x, n), and s = s(x, n) satisfy n = p + g + s, and
Given a decomposition (P, G, S) and M ∈ N, we write G M for the set of orbit segments (x, n) for which p ≤ M and s ≤ M.
Note that the symbol (x, 0) denotes the empty set, and the functions p, g, s are permitted to take the value zero.
Theorem 2.5 (Theorem 5.5 of [17] ). Let X be a compact metric space and f : X → X a homeomorphism. Let ϕ : X → R be a continuous potential function. Suppose that P ⊥ exp (ϕ) < P (ϕ), and that X × N admits a decomposition (P, G, S) with the following properties:
(1) G has specification at any scale; (2) ϕ has the Bowen property on G;
Then there is a unique equilibrium state for ϕ.
Perturbations of Anosov Diffeomorphisms
We collect some background material about weak forms of hyperbolicity and perturbations of Anosov diffeomorphisms.
3.1. Partial hyperbolicity. Let M be a compact manifold. Recall that a diffeomorphism f : M → M is partially hyperbolic if there is a Df -invariant splitting T M = E s ⊕ E c ⊕ E u and constants N ∈ N, λ > 1 such that for every x ∈ M and every unit vector v σ ∈ E σ for σ ∈ {s, c, u}, we have
A partially hyperbolic diffeomorphism f admits stable and unstable foliations W s and W u , which are f -invariant and tangent to E s and E u , respectively [28, Theorem 4.8] . There may or may not be foliations tangent to either
When these exist we denote these by W c , W cs , and W cu and refer to these as the center, centerstable, and center-unstable foliations respectively. For x ∈ M, we let W σ (x) be the leaf of the foliation σ ∈ {s, u, c, cs, cu} containing x when this is defined.
For a foliation W , we write d W for the leaf metric, and write
have a local product structure at scale η > 0 with constant κ ≥ 1 if for every x, y ∈ M with ε := d(x, y) < η, the leaves W Lemma 3.1 (Anosov Shadowing Lemma). Let f be a transitive Anosov diffeomorphism. There exists C = C(f ) so that if 2η > 0 is an expansivity constant for f , then every η C -pseudo-orbit {x n } for f can be η-shadowed by an orbit {y n } for f .
The following result is proved in [16, Lemma 3.2] using the natural semi-conjugacy which exists for maps in a C 0 neighborhood of f as a consequence of the Anosov shadowing lemma. Lemma 3.2. Let f be a transitive Anosov diffeomorphism, C = C(f ) the constant from the shadowing lemma, and 3η > 0 an expansivity constant for f . If g ∈ Diff(M) is such that d C 0 (f, g) < η/C, then:
In particular, (ii) gives P (ϕ, 3η; g) ≤ P (ϕ; f ) + Var(ϕ, η).
Pressure estimates.
The Mañé examples are C 0 perturbations of Anosov maps, where the perturbation is made inside a small neighborhood of a fixed point q. We estimate the pressure of orbit segments spending nearly all their time near q.
Let f be a transitive Anosov diffeomorphism of a compact manifold M, with topological entropy h = h top (f ) and expansivity constant 3η. Let C be the constant from the shadowing lemma. For any η > 0 smaller than the expansivity constant for f , let L = L(f, η) be a constant so that for every n,
This is possible by [7, Lemma 3] . Let g : M → M be a diffeomorphism with d C 0 (f, g) < η/C. Given a fixed point q of f and a scale ρ ∈ (0, 3η), let χ q be the indicator function of M\B(q, ρ), and consider the following collection of orbit segments for g: 
where H(t) = −t log t − (1 − t) log(1 − t). Moreover, given ϕ : M → R continuous and δ > 0, we have
and thus it follows that
3.4. Obstructions to expansivity. Let g be as in the previous section, and suppose that the following property [E] holds.
[E] there exist ε > 0, r > 0, and a fixed point q such that for x ∈ M, if there exists a sequence n k → ∞ with
Then C = C(r) from above has the following property, which is proved in [16, Theorem 3.4] .
Theorem 3.4. Under the above assumptions, we have the pressure estimate P ⊥ exp (ϕ, ε) ≤ P (C(q, r), ϕ). Let χ = χ q and C = C(q, r; g). Consider the set
3.5. Cone estimates and local product structure. Let
Given β ∈ (0, 1) and
The following two useful lemmas are proved in §8 of [16] .
Lemma 3.7. Under the assumptions of Lemma 3.6, suppose that x, y are points belonging to the same local leaf of
Construction of Mañé's examples
We review the class of robustly transitive diffeomorphisms originally considered by Mañé [25] . Fix d ≥ 3 and let f A be the hyperbolic automorphism of T d determined by a matrix A ∈ SL(d, Z) with all eigenvalues real, positive, simple, and irrational and only one eigenvalue outside the unit circle. Let λ u be the unique eigenvalue greater than 1 and λ s < 1 be the largest of the other eigenvalues. Let h = h top (f A ) be the topological entropy.
The Mañé class of examples are C 0 perturbations of f A , which we will denote by f M . We describe the construction below. We are careful about issues of scale to guarantee that we have local product structure at a scale which is 'compatible' with the C 0 size of the perturbation. Fix an expansivity constant 3η for f M . We require that η is small enough so that calculations at scales which are a suitable multiple of η are local: a necessary upper bound on η can be computed explicitly, depending on basic properties of the map f M . Let q be a fixed point for f A , and fix 0 < ρ < 3η. We carry out a perturbation in a ρ-neighborhood of q.
be the eigenspaces corresponding to (respectively) λ u , λ s , and all eigenvalues smaller than λ s , and let
, whereκ is as in (3.4). Let F u,c,s be the foliations of T d by leaves parallel to F u,c,s . These leaves are dense in T d since all eigenvalues are irrational. Let β ∈ (0, ρ) be sufficiently small and consider the cones
Outside of B(q, ρ), set f M to be equal to f A . Inside B(q, ρ), the fixed point q undergoes a pitchfork bifurcation in the direction of F c ; see [25] for details. The perturbation is carried out so that
• F c is still an invariant foliation for f M , and we write E c = T F c ; • the cones C 
integrates to a foliation. The index of q changes during the perturbation, and we may also assume that for any point in T d \ B(q, ρ/2) the contraction in the direction E c is λ s . Inside B(q, ρ/2), the perturbed map experiences some weak expansion in the direction E c , and two new fixed points are created on W c (q), see Figure 1 . Let λ = λ c (f M ) > 1 be the greatest expansion which occurs in the center direction. We can carry out the construction so that λ is arbitrarily close to 1.
Since f contracts E cs by a factor of at least λ s outside B(q, ρ/2), and expands it by at most λ inside the ball, we can estimate Df n M | E cs (x) by counting how many of the iterates x, f (x), . . . , f n−1 (x) lie outside B(q, ρ/2). If at least rn of these iterates lie outside the ball, then
Thus
Given ρ, r > 0, we write F ρ,r for the set of Mañé diffeomorphisms constructed as described here for which γ(f M ) < r. Thus, for f ∈ F ρ,r , we have θ r (f M ) < 1.
We can carry out the construction so there exists a constant K so that both f A (B(q, ρ)) ⊂ B(q, Kρ) and f M (B(q, ρ)) ⊂ B(q, Kρ). Thus the C 0 distance between f M and f A is at most Kρ. In particular, by choosing ρ small, we can ensure that
is the constant from the Shadowing Lemma.
We now consider diffeomorphisms g in a C 1 neighborhood of f M . For sufficiently small C 1 perturbations g of f M , the following remain true.
β for each σ ∈ {s, c, u, cs}.
• The distribution E [32] . Given g as above, let
.
Let U ρ,r be the set of C 1 diffeomorphisms g : T d → T d satisfying the conditions in the list above with γ(g) < r. A simple calculation gives
Proof of Theorem A
We let g ∈ U ρ,r , and consider the collection G of orbit segments (x, n) for which (x, i) spends at least γi iterates outside of B(q, ρ) for all i ≤ n. We will show that these orbit segments experience uniform contraction in the E cs direction. Using local product structure, this will allow us to prove specification and the Bowen property for such orbit segments. The hypothesis Ψ(ρ, r, ϕ) < P (ϕ; g), together with Theorems 3.3 and 3.4, allow us to bound the pressure of obstructions to expansivity and specification away from P (ϕ; g).
5.1. Local product structure. We require local product structure for g at scale 6η repeatedly through this section. This holds because the splitting for g is contained in thin cone fields and so the local leaves are near the local leaves for f A when β and η are small. with ε := d(x, y) < 6η, letx,ỹ ∈ R d be lifts of x, y with ε = d(x,ỹ) < 6η. By Lemma 3.6 the intersection W cs (x) ∩ W u (y) has a unique point z, which projects to z ∈ T d . Moreover, the leaf distances betweenx,z andỹ,z are at most (
Since β is small, this is less than 2κ(F s , F u )ε, so z ∈W 
Because g is uniformly expanding along W u , we see that for every δ > 0 there is N ∈ N such that for every x ∈ T d and n ≥ N, we have
. Thus by Lemma 5.2 we have
Let χ be the indicator function of T d \ B(q, ρ), so that
is the proportion of time that an orbit segment (x, i) spends outside B(q, ρ).
≥ r for all 0 ≤ i ≤ n, and θ r ∈ (0, 1) is the constant defined at (4.3). Then (a) For any y ∈ B n (x, ρ/2), we have
Proof. Given 0 ≤ i ≤ n, the inequality 1 i S i χ(x) > r implies that the orbit segment (x, i) spends at least ir iterates outside of B(q, ρ). It follows that (y, i) spends at least ir iterates outside of B(q, ρ/2). By the definition of λ c (g) and λ s (g), it follows that
proving the first claim. It is an easy exercise to prove (b) using the uniform contraction estimate provided by (a), and (c) follows immediately from (b) and Lemma 3.7 (using that β is small so (1 + β) 2 < 2). Now we define the decomposition. We consider the following collections of orbit segments:
The collection G is chosen so that the centerstable manifolds are uniformly contracted along orbit segments from G. These collections, together with the trivial collection {(x, 0) : x ∈ X} for S, define a decomposition of any point (x, n) ∈ X × N as follows: let p be the largest integer in {0, ..., n} such that 1 p S p χ(x) < r, and thus (x, p) ∈ P. We must have (g p (x), n − p) ∈ G since if Proof. For an arbitrary fixed δ > 0, we prove specification at scale 3δ. The key property that allows us to transition from one orbit to another is (5.1). This property, together with uniform expansion on W u , allows us to choose τ = τ (δ) ∈ N such that
Given any (x 1 , n 1 ), . . . , (x k , n k ) ∈ G, we construct y j such that (y j , m j ) shadows (x 1 , n 1 ), . . . , (x j , n j ), where
We also set m 0 = −τ . Let y 1 = x 1 , and choose y 2 , . . . , y k recursively so that
is in the unstable manifold of g m j y j , and distance is contracted by 1 2 every time the orbit passes backwards through a 'transition', we obtain that 3δ) , and so G has specification at scale 3δ.
5.3. The Bowen property. Let θ u ∈ (0, 1) be such that Dg|
Let κ be the constant associated with the local product structure of E cs g ⊕ E u g . Let ε = ρ/(2κ).
Lemma 5.5. Given (x, n) ∈ G and y ∈ B n (x, ε), we have
Proof. Using the local product structure, there exists z ∈ W cs κε (x) ∩ W u κε (y). Since g −1 is uniformly contracting on W u , we get
and Lemma 5.
The triangle inequality gives (5.3).
Lemma 5.6. Any Hölder continuous ϕ has the Bowen property on G at scale ε.
Proof. Since ϕ is Hölder, there exists K > 0 and α ∈ (0, 1) such that |ϕ(x) − ϕ(y)| ≤ Kd(x, y) α for all x, y ∈ T d . For (x, n) ∈ G and y ∈ B n (x, ε), Lemma 5.5 gives
The summand admits the upper bound
and we conclude that
5.4.
Expansivity. The diffeomorphism g is partially hyperbolic with one-dimensional center bundle. Thus, it is well known that the nonexpansive set for a point x must be contained in a compact subset of a (one-dimensional) center leaf, and so g is entropy-expansive [18, Proposition 6] . We need to be precise about questions of scale, so we give a self-contained proof of this result for Γ 6η (x), where 6η is the scale of the local product structure for g.
Proof. By the choice of constant η > 0 and the uniform contraction and expansion estimates in the stable and unstable directions for g we know that if y ∈ Γ 6η , then y ∈ W c 6η (x). To see this notice that by the local product structure we know there exists some point z ∈ W cs 6ηκ (x) ∩ W u 6ηκ (y). If z / ∈ W cs 6η (x), then there is some positive iterate where g n (z) / ∈ B(g n x, 6η). This follows from the uniform expansion in the unstable direction and the fact that 6η is chosen sufficiently small. Hence, z ∈ W cs 6η (x) which implies that y ∈ W cs 6η (x). Now suppose that y / ∈ W s 6η (x). Then a similar argument using backward iterates gives a contradiction. So we see that y ∈ W c 6η (x).
We use this to show there is no tail entropy at scale 6η, and that Condition [E] from §3.4 is satisfied.
Lemma 5.8. The diffeomorphism g satisfies h * g (6η) = 0. Proof. Let y ∈ Γ 6η (x) and y = x. Since η is small, a standard argument shows that the closed interval between y and x in the center manifold is contained in Γ 6η (x). Hence, Γ 6η (x) is either a single point or a compact interval in the center leaf that is bounded in length. Therefore, h(Γ 6η (x)) = 0 for all x ∈ T d and h * g (6η) = 0.
Lemma 5.9. The diffeomorphism g satisfies Condition [E] from §3.4.
k , so we can apply Lemma 5.3 and conclude that
Since m ′ k → ∞ and θ r ′ < 1, this implies that Γ ε (x) = {x}.
5.5.
Proof of Theorem A. We now complete the proof that if g ∈ U ρ,r and ϕ : T d → R satisfy the hypotheses of Theorem A, then the conditions of Theorem 2.5 are satisfied, and hence there is a unique equilibrium state for (T d , g, ϕ). We define the decomposition (P, G, S) as in (5.2). In Lemma 5.4, we showed G has specification at all scales. In Lemma 5.6, we showed ϕ has the Bowen property on G at scale ε = ρ 2κ . In Theorem 3.3, we showed P (P, ϕ; g) admits the upper bound
By Lemma 5.8, h * g (6η) = 0, and so the hypothesis Ψ(ρ, r, ϕ) < P (ϕ; g) gives P (P, ϕ) < P (ϕ; g). By Theorem 3.4 and Lemma 5.9, P ⊥ exp (ρ/2) ≤ P (P, ϕ). Thus, we see that under the hypotheses of Theorem A, all the hypotheses of Theorem 2.5 are satisfied for the decomposition (P, G, S).
5.6.
Hölder potentials with bounded range. We prove the following corollary of Theorem A.
The last inequality follows from Lemma 3.2(i). Thus Theorem A applies.
Lower bounds on entropy and proof of Theorem B
It is well known that for uniformly hyperbolic systems and a Hölder potential ϕ, the unique equilibrium state has positive entropy. We prove an explicit lower bound on the entropy in terms of |ϕ| α , the Hölder semi-norm of ϕ, for equilibrium states for maps with the specification property.
Theorem 6.1. Let X be a compact metric space and f : X → X a homeomorphism. Fix ε < 1 6 diam(X) and suppose that f has specification at scale ε with gap size τ . Let ϕ : X → R be a potential satisfying the Bowen property at scale ε with distortion constant V . Let
Then we have
In particular, every equilibrium state µ for ϕ has h µ (f ) ≥ ∆ > 0.
Proof. Fix x ∈ X and consider the orbit segments (x, n) for n ∈ N. Fix α > 0 such that α < min(
). Let m n = ⌈αn⌉, and let
Write k 0 = 0 and k mn+1 = n. The idea is that for each k ∈ I n , we will use the specification property to construct a point π( k) ∈ X whose orbit is away from the orbit of x for a bounded amount of time around each time k i , and ε-shadows the orbit of x at all other times; thus the points π( k) will be (n, ε)-separated on the one hand, and on the other hand will have ergodic averages close to that of x.
First note that standard estimates for factorials give
Given k ∈ {0, . . . , n − 1}, let y k ∈ X be any point with d(f k (x), y k ) > 3ε. Now for every k ∈ I n , the specification property guarantees the existence of a point π( k) ∈ X with the property that
and so on, so that for any 0 ≤ i ≤ m n we have
Write j i = k i+1 − k i − 2τ − 1; then the Bowen property gives
Now observe that for any y ∈ X we have
We conclude that
Consider the set π(
, and so this set is (n, ε)-separated. Together with (6.4), this gives
Using (6.2) to bound #I n from below, we can take logs, divide by n, and send n → ∞ to get
Given any ergodic µ, we can take a generic point x for µ and conclude that the lim sup in the above expression is equal to ϕ dµ. Thus to bound the difference P (ϕ, ε) − ϕ dµ, we want to choose the value of α that maximizes H(α) − αQ, where Q = V + 2(2τ + 1)(sup ϕ − inf ϕ).
Note that we need α ∈ (0,
] in order for our construction to work. A straightforward differentiation and routine calculation shows that . These two estimates prove Theorem 6.1. Proof. Every Hölder potential on an Anosov system has the Bowen property with distortion constant given by Q 1 |ϕ| α . A simple calculation shows that sup ϕ − inf ϕ ≤ |ϕ| α (diamM) α and (diamM) α ≤ max{1, diamM}. Mixing Anosov diffeomorphisms have specification; let τ be the corresponding gap size, and let δ = . Then Theorem 6.1 gives
Putting Q = Q 1 + 2(2τ + 1) max{1, diamM} gives the result.
Proof of Theorem B. We see from (i) of Lemma 3.2 that there is a constant K (independent of ρ, r) such that for every g ∈ U ρ,r ,
Since q is a fixed point of f A , Corollary 6.2 gives
for every g ∈ U ρ,r . On the other hand, we have
Thus the following is a sufficient condition to give Ψ(ρ, r, ϕ) < P (ϕ; g):
Since replacing ϕ by ϕ − a for some a ∈ R does not change P (ϕ; f ) − sup µ ϕ dµ, we can assume without loss of generality that sup ϕ ≤ |ϕ| α , and so writing S(r) = r(h + log L) + H(2r), the following condition is equivalent:
Given ρ, r > 0, and α ∈ (0, 1], define T (ρ, r; α) by
Then for every ϕ with |ϕ| α < T (ρ, r; α), condition (6.5) holds, which gives Ψ(ρ, r, ϕ) < P (ϕ; g). This is enough to deduce the first part of Theorem B from Theorem A. For the second part of Theorem B, observe that for every t > 0, we can choose ρ, r > 0 sufficiently small that
which means that t < T (ρ, r; α) for all sufficiently small ρ, r. In other words, T (ρ, r; α) → ∞ as ρ, r → 0, which completes the proof.
Proof of Theorem C
Given a C 2 diffeomorphism g on a d-dimensional manifold and µ ∈ M e (g), let λ 1 ≤ · · · ≤ λ d be the Lyapunov exponents of µ, and let λ + (µ) be the sum of the positive Lyapunov exponents. Following the definition in [2, Chapter 13] , an SRB measure for a C 2 diffeomorphism f is an ergodic invariant measure µ that is hyperbolic (non-zero Lyapunov exponents) and has absolutely continuous conditional measures on unstable manifolds. The Margulis-Ruelle inequality [2, Theorem 10.2.1] gives h µ (g) ≤ λ + (µ), and it was shown by Ledrappier and Young [23] that equality holds if and only if µ has absolutely continuous conditionals on unstable manifolds. In particular, for any ergodic invariant measure µ, we have
with equality if and only if µ is absolutely continuous on unstable manifolds. Thus an ergodic measure µ is an SRB measure if and only if it is hyperbolic and equality holds in (7.1). Let g ∈ U ρ,r be a C 2 diffeomorphism. Since there is a continuous splitting
u is Hölder continuous because the map g is C 2 and the distribution E u is Hölder. The Hölder continuity of E u follows from the standard argument for Anosov diffeomorphisms. See for instance [9, §6.1]; the argument there extends unproblematically to the case of absolute partial hyperbolicity, which covers our setting.
We build up our proof of Theorem C. Since sup ϕ u < 0, the function t → P (tϕ u ) is a convex strictly decreasing function from R → R, so it has a unique root. We must show that this root occurs at t = 1, that we have uniqueness of the equilibrium state for all t in a neighborhood of [0, 1] , and that µ 1 is the unique SRB measure. We assume the hypothesis of Theorem C so that
h, and also that
. We recall the following result which was proved as Lemma 7.1 of [16] . 
The hypothesis of this lemma is met for a foliation which lies in a cone around a linear foliation, see [16, §7.2] for details, so Lemma 7.1 applies to the unstable foliation W u of the Mañé family. We conclude that P (ϕ u ; g) ≥ 0. To get a unique equilibrium state for tϕ u , it suffices to show that
satisfies Ψ(t) < P (tϕ u ) for all t ∈ [0, 1] and then apply Theorem A. Note that since the equality is strict it will then continue to hold for all t in a neighborhood of [0, 1] .
The Mañé construction is carried out to leave E u as unaffected as possible, so we expect that both sup ϕ 2) can be improved. Since this would require a lengthy analysis of the details of the construction with only a small improvement to our estimates, we choose to not pursue this argument. For t ≥ 0, we have
At t = 1, it is immediate from (7.3) that Ψ(1) < 0 ≤ P (ϕ u ) when ε is small, so ϕ u has a unique equilibrium state. The case t ∈ [0, 1) requires some more analysis. The straight line l 1 (t) described by (7.4) which bounds Ψ(t) above has its root at
and by (7.3), t * < 1. Thus, for t ∈ (t
, the variational principle shows that P (tϕ u ) ≥ h + t(inf ϕ u ). Thus we have bounded P (tϕ u ) from below by a straight line l 2 (t). In (7.4), we bounded Ψ(t) above by a straight line l 1 (t). By (7.2), l 2 (0) > l 1 (0). The root of l 2 is −h/(inf ϕ u ), and the root of l 1 is t * . Thus by (7.2), t * < −h/(inf ϕ u ) and so l 2 (t
We conclude that Ψ(t) < P (tϕ u ) for all t ∈ [0, 1], and thus there is a unique equilibrium state by Theorem A.
It remains to show that P (ϕ u ; g) = 0 and that the unique equilibrium state is in fact the unique SRB measure. Let µ be ergodic, and let
is Dg-invariant, so for every µ-regular x the Oseledets decomposition is a sub-splitting of E cs ⊕ E u , and thus ϕ u dµ = −λ d (µ). Thus,
and if λ d−1 (µ) < 0 it follows that ϕ u dµ = −λ + (µ). Let M * ⊂ M e (g) be the set of ergodic µ such that µ is hyperbolic and λ d−1 (µ) < 0. where the first inequality uses (7.5), the second uses Lemma 3.5, and the third uses Theorem 3.3.
It follows from Lemma 7.2 and Lemma 7.1 that (7.6) P (ϕ u ; g) = sup h µ (g) + ϕ u dµ : µ ∈ M * . Now, for every µ ∈ M * , we have ϕ u dµ = −λ + (µ), and thus (7.7) h µ (g) + ϕ u dµ = h µ (g) − λ + (µ) ≤ 0 by (7.1). Together with (7.6) this gives P (ϕ u ; g) ≤ 0, and we conclude that P (ϕ u ; g) = 0. It only remains to show that the unique equilibrium state µ 1 is in fact an SRB measure for g, and there are no other SRB measures. Since µ 1 ∈ M * , it is hyperbolic, and since P (ϕ u ; g) = 0, (7.7) gives h µ 1 (g) − λ + (µ 1 ) = 0, so µ 1 is an SRB measure. To see there are no other SRB measures, we observe that if ν = µ 1 is ergodic, then h ν (g) − λ + (ν) ≤ h ν (g) + ϕ u dν < P (ϕ u ; g) = 0 by the uniqueness of µ 1 as an equilibrium measure. This completes the proof of Theorem C. where ε > 0, ψ : T d → R is any continuous function, and q(ε) ∈ [0, ∞] is a rate function, whose precise value can be formulated precisely in terms of the free energies of a class of measures depending on ε and ψ. That our equilibrium measures satisfy the upper level-2 large deviations principle follows from Theorem 5.5 of [17] . That result says that an equilibrium state provided by Theorem 2.5 has the upper level-2 large deviations principle, and is a consequence of a general large deviations result of Pfister and Sullivan [29] , and a weak upper Gibbs property which is satisfied by our equilibrium states. The question of lower large deviations bounds for Mañé diffeomorphisms remains open.
Multifractal analysis. Let g be a C
2 diffeomorphism satisfying the hypotheses of Theorem C. For each t ∈ [0, 1], let µ t be the unique equilibrium state for tϕ u given by Theorem C. Then, µ 0 is the unique MME and µ 1 is the unique SRB measure. It follows from Lemma 5.8 that the entropy map µ → h g (µ) is upper semicontinuous, hence by Remark 4.3.4 of [22] , uniqueness of the equilibrium state implies that the function t → P (tϕ u ) is differentiable on (−ε, 1 + ε), with derivative χ + (µ t ), where we write χ + (µ t ) = ϕ u dµ t for the largest Lyapunov exponent of µ t . This has immediate consequences for multifractal analysis. Given χ ∈ R, let , g ) is topological entropy defined as a dimension characteristic in the sense of Bowen [6] . The infimum in the first line is achieved for some t ∈ [0, 1], and for this t we have h top (K χ , g) = h µt (g).
